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' A SURVEY OF COVARiANCE MODELS ~. Z 

• FOR CENSORED LIFE DATAWITH ~ 

- ~ AN A P P L I C A T I O N - T O  R E C I D I V I S M  A N A L { ; S I S  ii:,~i.J " 
" - " - I • : J ' :  

R u s s e l l  R .  B a r t o n  a n d  B r u c e  W. T u r n b u l i  

i Cornell University - | 

% :  " : . " : - .  !. " " 

~ "~-: ~;.~: " - ~ : 3 :  

. ,  . . . . .  f- . A B S T R A C T -  :.~.. 

! ~ k surveY is gfven Of techniques for covarianee analysis of 

censored life data. Both parametric and nonparametric approaches i~ 

: are reviewed. An application is given to the evaluation of - - ~ 

: " . parolee fellowup data. ~m-eaaa~ne%e effects of covariates, suci, 

" - { as age, income, and drug use, on time to rearrest~ One of these "-! 

covariatrs varies with time. The ~ecords of ~wo correctional ~ 

" .i instituticns are compared after adjusting for non-homogeneity of ~ 
. !i 

} eovariate values. ~-~I ! 

- 1. IFTRODUCTION :'~ ": 

i" " Regression techniques applied to survival or failure fate"data - . 

" " "  " -L.-!" .- h a v e  b e e n  t h e  s u b j e c t o f  m u c h  r e c e n t  i n t e r e s t  i n  t h e  a r e a s  o f  

medical foilowup and industrial life. testing stud:ies. In 'this 

• il . . . . .  ~:_. paper.we review t h e .  various models and methods that have been " - : ,~ . .  

- , ., • Z . . . . .  .'a~ ...... .. 'i~ .... '.:- proposed and present an example frOm a new area of application, -$I 

.:- . . . .  namely the study of the recidivism rate of exoffenders released ~rom ~, , 

: -  " * T h i s - r e s e a r c h  s u p p o r t e d ,  b y  D ~ G 2 9 - 7 7 - C - 0 0 0 3 ,  U . S .  A r m y  R e s e a r c h  ' ~ v ; "  ' ' 

- . "  " O f f i c e  - D u r h a m  a n d  N 0 0 0 1 g - ~ 7 5 - C - 0 5 8 ~ ; ,  O f f i c e  o f  N a v a l  R e s e a r c h .  "<~ " " 

. . . :  . . . 

' ! . . - ". ~,.:  : . .  >,%: 

ii ? . .  f - . ; 

. . . . .  • ° i ' • : :!i' 
, ,  . _ - " 

) ' : , . :  . .  - - . . , .  . . . ,  . . .  
- . . . . . .  . . . . .  . . . . .  





I .:~:~: .~. :i :.!~.(:~::4~:,:~:,:;~i~:~:i:;~.~ _ :_ ..~:% ~;...: ..-, :•~,~::-%::-iji: . :,-: ,, ~~ ~=4:~:.:.i~:~ i.~::i,.'.:~ ...... ~ U: :~.-:, ..... ~-. :i:-~, :..i.~: "> 

_ ~'=~.. L -,'. ~'..'. '". .".'-.-" '".::~'~, :': .... •: ..'- -. :..:,.z..~ ~='.'< : .:-"'. ". " "/"~.'.. .'"" ,' "':"! • -~... . :'~"~.:'~,,~.. ~. ":.: . !.-! • ", . " '. ". :'.' :.Hk J-<-v. , ' " 

,' ,. ~-.. &.? ,..,. . ,.4 .. •. '.. ' ',... " .... , " ., " - .. -- " • ." . " " "" - " " :..' .- -- ' 2- " " " " ..... 
;7. a > ~<, ,:. , ~ .- :. .~r :-.-...., . . :. -r. ', • " " :".' - '. " .- : ~ .. ' ,- " ' .': • . ~ ;'"-": " " ." '" " -. " " " " .~'...' 

-' .,:.i<i~,,,: .- ,. ~-~/. '-- ,..I:~.::;'.->L .:: . ~..."::. , - : :  . .- 7 • " " ~ . " .""." ."~. :. :. : ./-. /if": .:'". .~"., ~ 
- ~,- .'.'-':o.;'~::,7:". , " :---',-:.: , .~.. " .  • . . . . .  . : " .~".":. ' ,' , ~' . : • : " ' 7  .." " - ~ <  : 

I .: .", .: - .-:. :,. !":" ,.. '.' :-;,. • : .-.. :: "-.. ' ,:" . . .. ' i . " " ..: :.':."-. ' ':L.. -">.- : "  . .:' : , :  '".", 'i :I":.:: :" 
-.. '.."] .... - '. :e. .. • " - : - .  .. .- .'-,. • '.. ...,.:-' .. -~:. - ..... .. -"~.."- 

I-.. _,,-.~,.,' • . -~. correctlona.l instltutlons. The data come from-an extenslve fol±owu.~) - - iI: ~: - 
: . . ,  . . . ,  . . -  . . .  - .  , 

" " ; " "";stud) of the post-release behaviorof 108 parolees ih tge State Of - 

-:- " . : " " ' "-" - ~ ..... Connecticut.- In Secti6n 2-we examine various parame[~ic models ~" . .. ': 
. . .  , . . - 

- " ~ '"- '"" ..' - " " : ::" that have been proposed. Section 3 desc2ibes the cohditional 

" likelihood approach in Cox's "semi-parametric" model,• together wSth 
- l . - • - -. . . ~ , -  

:"..-~;5~ " - some of the difficulties. Alternate models, developed subsequen~l,,, ~"- 
• . " , [ ,  " 7 " ...-' , . " . " - " "~ " "~ : ,  

_ . " " " .. ";". aF~ described in Section ~ and in,,,the Section following we discuss . , -~i" 

" - " ..... •~: some general problems in analysis of covariance and how they rela-e ! 
. - ? - . . ..: - .... - . ,~.. 

'~ : ., -,. to the treatment of. censored life data. Finally We describe the 
• , !~ .: 
, .. . :.. " :- Coflnecticut recidivism data which is used to illustrate some of ._ 

.. ' ~. the techniques surveyed in the earlier sections .... " " if: 

' ' : . ---We will use the following notation: Let Y 'denote the 
. , . . . . . , -  • . • - 

.- -."i-.r&nd0m variable representing response time (time to. failure, death, 
. . - , 

.... i$7~_= features/ etc.) and let F(t) = 1 - S(t) = P(Y < t). If }~.~has a 
. , . .. ,, 

': ' density f, the hazard (failure). rate A(t) i s - d e f i n e d / " ~ o  be the 

..... - " -' densityat t conditioned on survival to L.t, i.e. " ..... : " • .......... 
• . . .  , , ,_, 

" : ~ ( t )  = f C t ) / S C t )  - : ( 1 )  

t ~(u}du, and so 
" :' The Cumulative hazard is defined by h(t) : ~0 

. . . . • 

' "  . . . .  ) " :: .... " ':.--~,-f:>= b y  ( 1 )  we h a v e  t h e  r e l a t i o n  S ( t )  = e x p ( - A ( . t ) ) .  T h u s  t h e  h a z a r d _  , l  

: .,.. function can beused to characterize any continuous distribution . -. i].. 

:- " -:.. .on (0,~). A good introd,-ction to survival distributions can be 

[ ' - ~  found in Gross and Clark (1975), - 

: "~ : .we suppose that the sample consists of n items (subjects).' 

: " " " Let :~ the response times be denoted by YI,Y2 'Yn" Because of 

, - f.~':" ." • 2ig|It censoring, not all Yi al4e observed exactly; some are known 

i " ... ~ - only to •exceed some censoring value :-;hich•may • vary from item.to 

ii " " ""-.'. . i .. .... :i..:.item'.~ This censoring may come about because the data are •analyzed 

- .!:- - " while some • of the subjects are still:"at ~-isk", oi" because losses, .. 
.- " - • .z-,,. -" 

" ~ ' :  " . :":  , l : o . f o l i o ~ u p  occur during the course of t h e  study. All covariance :. . . . , 

' " " : : ,  " techniq~ms assume that the censorinll mechanism operates independent- - , -- . ,-. - 

. . : . ].y of reaponse. . time, an a s s u m P t . i o n  not always, valid in practice.. ,;1, 

:~.t-~:~9::.-.- . " [,,-.,:." . . . .  ' ~ "  " We a s s u m e  t h a t  a s s o c i a t e d  w i t h  ~ h e  i ' t h . i t e m :  (,1 < i < n )  a r e  

"" " ~ "'" "" -"" ' '" p (> l)"ovariates represented by the vector z, = (.z_..,z ...... ,z .). 
, : .  , . -  -~ . -  • " . ' . • ~ . ± ~  t i n - - 1  . p x  .. 

"" " '~:' ' " :~: " ' ": 'All .~he coVarianc~ models discussed below describe the covariance : '" 

• • ~7.. . . :.- • .- - . ...... ---".7 

f< . :.. ,:" . . ..-"... ..... -. .. :. - • . .- .. 
.-- %, . • . ": . - --: . ....- . 

. -. -.,. ,~"-,,: ...... -:.-.- -?-:' .-.. ~ . . ' . . • - " : - i - - - .. .... -. • - 
" - t ~  ~ ' . L  , . "  : ~ . , : - .  , '." " " - "  : ' -~  ! ~ ' '  . , ' - ,  . . . '  " " " " • . " . 1 ~ ' ( .  . .  - : '  . " " : ' .  " ' ~ .  _ , - '  

. . : . . . .  ~ . - "  . , . . : • , , -  , . , "  . .  . . - . . 7 " , ?  , . . , . . .  . ~ . . .  : . . _  , . : - : .  , . 

7 ~. , : - " ' . : . : . ; . . _ ) ~ , ~ ' - " - ' . : ' .  ~ , "  " : . . "  . . 7 . " ' " . i . , ; - - .  : ' . '  " ' . . :  ' ," ~ : ~ . - . . ' - ;  . . "  - " . : ,  ' .  , " -  : . . , . , "  7 '  ~ '  " - / : ' : ,  .. - ' . -  : .  ,. , . . . .  ' .. , ~  , ' "  : ' -  : . . . .  , ~  . :  " . " : ,  , , . " b , :  





• ? -  - . .  

"i, ' " "  "" 

j . -  

- t  • 

• ~..~-~ .,;:~.'... 

~ .~ ~ " ~  : ~ i . ~  ~ ,  ~ i ,  ~ ~ ..... . .k  . . . . .  

r @ l a ~ i o n s h f p  a s . : "  " " " ~.. 

• A ( . £ , Z )  i g ( t , z S , . y )  . -  • ( 2 )  

~ere ~ '  i ~ 2 , ~ -  ,Op) ~s ~ p-v,_~cto~;of u~no~ re~ress.~on 
c o e f f i c i e n t s ~ a n d  ~- r e p r e s e n t s  a v e c t o r  o f  o t h e r  ( p o ' s s i b l y  

nuisance) parameters. It is possible that some or all components 

of z Vary with time The stati~t'ieal problem at hand is .~the 

estimation of 8 in (~)and tes~s Of hypotheses concerning 8, 

althoug h. inferenceconcerning Y .i.s also sometimes of importance. 

2. PARAMETRIC MODELS 

In an early paper, Feigl and Zelen (1965) proposed an expo- 

nential- covariance model, where Yi has density: " 

fy.(t) = X.e:~p(-X.t)~ ~ 

..~.and . ~i 
~i = i/Ai = s + z.S,~ z.~ e (3) 

where u . is the mean. lifetime. An extension to include sim~e 
l 

Type I right censoring was ma~e .by Zippin and Armitage (1965). 

Note that improper estimates of ~ in (3) can lead to negative 

values for some u.. 
1 

Feigl and Zelen (1965) also proposed a loglinear model: 

: . ~ ~i (~ 
~i I/~ : ~ exp(ziS), z 

This..model, independently proposed by Glasser (1967), was extende4: 

to the censoredcase by Zippin and Lamborn (1969). Lamborn (1969) 

show~| that the goodness of fit statistic for both of the above 

model:; was distributed as a linear combination of squared standarl 

nor~nais, ~Lnd not as X 2 " as had been conjectured. Both models 

" f : i  - : "  . . i -  . 

~~.W~C. ~.. ~, . . . . .  , 
~:-_ 

. t - 

are easily extended for z. e ~P (p > 2).. Sprott _~nd Kaibfleis;-'h .-,.i~ 

(1970) examfned likelihood methods'fOrethe estimation of B ~n ~-- ":.~;~i- 

(49. Mantel and Myers (1971) noted convergence problems of Z]ewton- i!: 

Raphso" techniques in (3), and suggested the use .of expected 

r a t h e r  t h a n  o b s e r v e d  H e s s i a n  v a l u e s ; i  . ' . ~ 

_. pe t£  and'  Lee "(1973) . . . .  considered'), " the W~;ibull.. model".. :~ " ! t  .".'. 

:i- i 

. ' . '  i i ~ ' ' : "  " ~:- .... " " . . . .  ' ' ~ ' -  . . . . .  ~ 
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" -  . ~, ~ : : ~ ' : . : ~  . ~ 2 ~  ~ ' L _ • ~ • , ~ ' ; . "  , ".- '~ - - ' "  . . . .  " '  ~-" " " • " " : , ' " "  . " • < ' q - , . ' -  ,%"  ~ c ~  ~ . / ,  "~ ( . . . .  : - . .  • • " '  . . . .  ~." • " ; - ~ . ~  ~ " . " . . . .  l ~ "  . ~ , < % . ~ . .  2 , -  

" t  k a l  e : x p ( - 1  i t k  

,- . . . . . . .  " i  • 

• -- . . . . .  " . - :  " . ~.i 

" . 2 X. = . .  z.- e _. . c,i ° " - :  " 1 exp(zi8 ~ ' i Rp . . . .  - ] 

with X. estimated from the (possibly right censored) data via ,~i 
• " ; 1 " ~" " ' ~ 

• .... i ~.~aximum likellh6od. ' :-~:--- i 

~. " : Prentice (1973) provided gignificance:"tests for: (q): and (5), ~..- .... 

.... ~" and inferences on 8 and-the hazard corresponding to z, the. 
: 

. , ,. - , . 

mean covariate level. Prentice (197~) and Farewell and Prentice ] 

'. -.. i::. _"~.. ~ . (1977) go on to develop a vepy flexible "generalized gamma" model !i 

" ,": i '~ that includes exponential We:bull, gamma, and lognormal as special ~ " :i,- , 

:: : ~ cases. In the papers above, Prentice develops a marginal likelihood ~, 

- . . .  J meisure utilizing Fraser'rs' (1968) structural inference model. This :~:: .~ 
" . | -  

approach is also applied to Cox's (1972) model •which we discuss in ! 

'~ the next section. 

. . . .  .. . ~ Different parametric models are supported by:different, sources. " i '  

~, ." i of survival data. Carcinogenesis data may follow lognor~nal or "~ 
, : - . : . .  

-': - - Weibull survival patterns. Several authors have proposed these - 

two models - see H d el, et al, (1975),• Pike (1966) and others. 
J. 

i Whittemore and Altschuler (1976) applied graphi~iai~!~::techniques to , i 

fit both models to the Doll and Hill lung cancer data. The exponen- r 

- ~ tial model was suggested .by Stollmack anl Harris (197g) as appr0Pri- ~ : 

" , : ate fop exoffender ~ecidivism aualysi££1: ::::~ "i I T 
i The analysis of accelerated :life tests prompted the considera- <I 
" . r. ,] 

- -  - :  : tion of s t r e s s  as a covamiate. This concept is discussed by Lee . ! :  

. ';/: , ~. _ and Thompson (1976) and Cox (1972). Nelson and Hahn (1972, 1973) 

_. i: ; ..... : discuss a general pa~ametr$c model with unknown location parameter :- 

...., .~ ~(z). = 80 £ ZSI unknown scale parameter., o. The authors go on to :~ .::.. 

d e s c r i b e  g r a p h i c a l  a n d  l i n e a r  u , . , b i a s e d  t e c h n i q u e s  f o r  e s t i m a t i o n  o f  "-: ;~ " 

" ~ g w i t h  T y p e  I I  c e n s o r e d  d a t a .  i n  p a r t  I I  o f  t i ~ e  p a p e r  t h e  BLUE " ~ . : 

" : i s  g i v e n ;  " " " " i 

' " : ~ of ~tress levels fo~ accelerated life test pTans for normal and .' 
"~  , - . . , : ~ ' 1  "~  

. . -  • 

'; lo~n~r~nal distributions~ Nelson and Meeker (1875) provide similar • .:~ . 

: : : : : : : : i / :  " :: i : : : : : , : : :  . . . . . . . . .  i i : : :  
i,.: : ii: ._:. :. :i. . ' i. ,, : :. : .. ,:,:::: ,: .: i: :-:]ii:, 

' > . 5 : . . . . - ' :  ~ ' "  . . .  . . • - " , " .  . . . . . .  . ' ' - . :  ' ,  . . " , .  : , :  ~ .  . - ~ . . ,  , _ ~  . '  " . .  ." . . . .  . " " '  • : . " : " : ; .  " .  ' ~ :  . '  , ~  

: ' . ,  " "~ : :  " ) , - "  " . : ~ . .  , .  " - • " " . . . .  ~ , .  ""  ' :  ~ ' :  ' "  - ~ : : " "  " * -  . . . .  . : : :  " .  " ' .  : , : .  , " 5 '  ' . -  " / .  ~ " . ,  - ' : - . - : . 5  ' : ) " .  : ; . : , . ' : : : ' ;  . , : ' " ' - , ,  .~  " : : . . ,  ~ - ~ : ~ : % ' -  : ~ R : : - : - ~ , R ~ , - ~ " : ~ . ~ 2 .  ! ~' : / ' : " ; I : C ' "  - . . ,  

L 
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i ..... ........ Y - I ?  ........ " !  ....... i ' ii !! ., .... i:i 

i • 
-".-.  " " " ' ' : - - : i  J " : ; ~ e s u l i s  f 0 ~ ' :  , f e f b u i l  a n d  e x t r e m e ' V i l u e  d f b ,  t r i b u t i o n s .  H a h n ' a n d  . - . . . .  : • 

~ . i ! . : ,  . : N ~ l s b n  ( 1 9 7 5 )  e x a m i n e  M L E ' S  a s - w e l l  a s  L U E ' s .  a n d  g r a p h i c a l  e s . t i - ' L -  " : - . . . " .  

.!'~ii@i. - " " , mates. .Nelson t1975) considers ihe competing riskg problem arid. 

~ . . . .  " - /"piots failure:by node. Applications are made in the above papers 
" . " . - , . 

.; _ : -. . . . " . .tO motor windfng f~lilures and wiPe-bond failure on semiconductor .... ~ • - 

" ~  " ' " . . . . .  c~ns.-- " " 

" " .~ " ~ 3. "CONDITIONAL" MODELS 

" . : - "  ( . . .  " ' .  ' ' M a n t e l  ( 1 9 6 6 ) .  h a s  c o n s i d e r e d  t h e p r o b l e m ~  o f  t e s t i n g  f o r  . .. . 

. . . . .  homogeneity of k (>_ 2). treatment groups. He obtained a Xk_l. 

stat.istic baseg on the Mantel-Haenszel procedure for combining a 
T~ 

- " . " .-- - ........ .set of 2 × k contingency tables -- one table is constructed for 

- each distinef observed time of death (tl•t2,...• Say).. This ' - . . . . .  " 
N [ 

- .  ., " s t a t i s t i c  i s  g i v e n  b y  

.:._i .?"::: - " .-," • "' .~ .,"-'"~ " . " i'.." : " "' 2 -- - - -. ' -:... : = (0 - E) T V (0 - E) (6) ....... :] ] 
.... ~-5: ~ Xk2"l: .  -" 

t 

" " " [ " • " - ,  ' - ' .  : "  )1 

~(r , r  2 j )  _ - -  -.' .. ' - w g e r e - . O  = , r  • r . .  = n o .  o f  d e a t h s  i n  g r o u p  i - 
" • " .. ,--~ l j  j . . . .  k x ]  ,i. 

. _. . .  -".. a t  t i m e  t . ,  . .E = E ( O ) •  V =. V a r ( O ) •  a n d  V -  i s  a g e n e r a l i z e d  .-. :~ 
] . . . .  

: -~ inverse. This is appropriate"'"~cr.'testing-against Lehmann (pro- ii. 

" " .portional hazard) alternatives. Peto and Peto (1972) show:.it is an ./ 

: asymptotically efficient rank invariant test (.See .also .-..ii, .-:.7--2:<,..~_!:"!/ " ~ 

Peto-(1972a), Crowiev (197~a).) A conservative approximation to .-- ] 

- ' ~ " " " (6i is" given by Peto and Pike (1973) but if the k groups have 'I ! • 

: similar censoring patterns• there is little loss in power over (6) ~.; 

~..../:.:.-.~.. "... "., .... (Cro}~ley.a~ji'B~.'~'slow; 1975). Mantel (19.66) suggests generalizing 

" .. the model to include covariates by dividing the sample into Subgroups _ : - . - 

'~ i":depending On covariate values. This :6pproach. is uses by Hankey and ii~ 2 
~:',- - .~ ~ ~ -t 2~ -, . ,. :-- - ,.... " " ": .[-~ t "[,~ - ~. 

: ~ . -- '. My,~.rs (1971). The. method above .is inefficient as it does not take ~. 

. . . .  .: • . . . .  : ,: - .  'ih£o."&cc~unt.::irefids;..in the quantitati~e cevariates (Tarone, 1975). . : . "  ~- . . . .  . = - .  . 

: ! " " "  : : , i.:. " - . . T h e  m o d e l . .  . d i s c u s s e d .  . . . .  :-- n e x t  d o e s  n o t  s u f f e r  t h i s . s h o r t c o m i n g .  ' " I " 

: " - .:'i..: A proportion~l hazards app>-oach to ncnparametric analysis of 
.. . . "" . 

-~.. -- . hovariance was taken by Cox (i972), based on the relation: .~ 

• "~ ~ " " ~ ili 
" Xi(t ) = Xo(t) exp(zi8) ; z. e ~P (7) 

" -:: ".'-' " " A s s h m i n g  l O ( t )  a r b i t r a r y ,  C o x  d e r i v e d  a m a x i m u m  ' l i k e l i h o o d '  - " . i I I ~  

",~-.:;: e .~. :_ . .".. " . '. • . . : - " " ., 
< : :  . : :  ' i . - . " : . .  ~ : " " " . " ' ." 
.:-..:...,: . ... ...-..•. . . .  . . . . . .  . ' . . ..... ~ . .. 

.':. /'{'.- ,:-~: -.-~.. -: ' ..5':: '; ' .. i : . .. .... ".- " . . . ..... . o.:. ' : . 

• ,.-. -., .i ..... :. "-'-':":?.:...~..:)2:..Y,.,-.; -",.:}.:: . . ~- .. : ' .. ' . . ~: .. " .:..., i:-.. "...:-.- .i . 

• - ~ - .  ~ • : '  " " • . . . .  . " < ~, " - -  " , " ' " .  , ' ' " " " . '  " . . . .  ' " - : " "  . '  ~ -  } i :  . " " .  "" ; " " . - 

] : "  , ' ? . . ' , . ' < J , . ' . , . , ' , ~ .  ~.. 5 ' : : , : : :  r , . : . ' , " . : t :  ~ ' ~ ' : ' : " i  " ' t ' ' ' ; ' ' '  - :  • ? : ' : -  " Y ' - ' 2 . , :  : , " . , ' : "  . . . ' "  . - "  " - ' - 5  ~ , . > - . : , ,  , ; ,  " : ' .  ~ ' . . . .  " " : . : :  "" ." . ; ' ,  ; ~ : ' ,  ' ( " : ' " ; '  . ~ [ , . "  , " ' ,  

,:': )..' ::;}:~.: ".'", .':','i,.]'~..."L'~.;:-.<'.--").~.,.'. .~k;~;':S';_ ~,/'<-. ,:','•.:."..'-:,','i"~'~ ": " ... ':-.': ..... ';.- :[.;;'.,'.~ '.:..': . t'.',:"~." ..... ".,'.--:".:"..":; '.~,e', ~.-~ .~,#" ;.,..' - .:< " ;"' "" ". ". 

' 2  : "  " " . " , ~ ' . - . ' ~ ' , ~ .  : : " : : " "  < ; - : ~ - l . - [ : " ) ' - ,  " : . " : , : ~ ' .  " < - , , ~ ' . # ' ~ ' , " :  . ' .  : . : .~" . . ~ "  ; . '  • . .  - , .. . . . .  > - . . ' . t  : , , . .  - .  ~ . . . . , ' , . ,  ' ' ,  , , i , " -  . '  ' . .  ' ,7. " , . . ~ .  " "  , ' ' ,  : " - .  . - : ~  . :  - . - i .  ,~. . . , ~ , ~ .  

. :  ': " " "  ' . :  £ , ",~.~-};~Q~Z ~ - Y ; ~ 2 , C  - ~ ' ~ .  ' "  :~ ,  1 i : : - , 2 > "  ' :  • ~ . " , ; e  .}.- . ' . :  • i - J - - . , ' , >  . ' ' , "  :" - ~ . .  : . . ; - " ~ ?  . " - . '  " ? - , z /  , 2  . " - -  " . '  > • . ~ : ' ~ ) < ' • > ' . ~ : : '  ' ; , - . - ' " ' ,  .:, " . i !  " ' 2  % :  - . : : ;  . , ; "  '"  : . K : . . :  . ,. , ' "  " - , , : .A.  • . • 
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i~>t~5 , ~-~F • " -:~ /' ,~ :- o, ~ " : • ~=' ,--:!-:~:~ ~-~-"-~':="-~~-: ......... ~:'~-,--~'~<F" ............. ~-':¢r~-:"~--=-:-~.@'~ %-'=~c- '; :), • .... ' i: ~i'~ ~ 

-~.~:,.J'..':"; . . . . . .  : ...- . • .--.. ' . • .= • : -• • ~ - . : • .. • . ' ' ,. • • ..... ..- . L -~.'%". 

"!5:~:, .:~ :,~ • . : • .... • • ' .: , ~ " 6 " ; ~ ">.,~!~i-:i ~: 

"~; /~! .~. . ' - -  . e s t i n : a t e o f  ~ b y  C o n d i t i o n . i n t ;  , m  t h e  ~ d e a t h  t i m e d  a n d  l n d i v : [ d u a t _ ~ -  ' -  i'i " :i:~i.{i 

• -~.: ; ' i - ' . a t  r i s k  ( i . e . .  k n o w u t o  b e  a l i v e )  , t i  r h o d e  t i m e g .  U n d e r  t h e  .. ' ' . '.-- | ~" ..c ~ 

: -'.-i ' -  " • a ~ ; s u m p ~ i o n  o f  n o  t i c s ,  t h e  C o n t r i b u t i o n  t o  t h e  ' l i k e l i h o o d '  a t  th ,_ . . -  " "  1 "-~ '-" 

" ..... " : ~ knowni'th distinCtalive) observeda~..,~_.:~T; - death0, is:given the risk set R,. (i.e.~ those :}'] !~=i. 

.. exp(z.B)/ l jaR. ~ exD(Z. S) " ] " : 

-[ . • . -  1 

. - , ,  . .  T a k i n g •  t h e  p r o d u c t  q v e r  a l l  f a i l u r e  t i m e s  { t ; }  a s  t h e  ' l i k e l i h o o d '  
• , .  ~ - ~  1 . .  

L , we have: 

. . . .  : "  L = l o g  L : ~ ( z . B  ' l o g  y. e x p ( z . g ) )  ( 8 )  

::" -The model i s  attractive i n  that neither right censoring nor 

:. time dependent z.'s cause proble:~s in evaluating (8). Unfor- 
] . : . 

i... tunately, tied deaths, which arise commonly in grouped da~a, do 

cause a problem. In this case, Co:" proposed the use of a logistic 

' : model that reduced to the original model in the limit. The proper 

likelihood calculation would require the eval.~ation of m.' 

' " or~lerings of m. tied deaths at t.. Peto (l.q72b):mgRe:-;z~d e simFle 
" I i " - - " 

approximation to the likelihood contribution a~ the i'th death :. 

t ime: 

-' ~ exp(v i 8)/( 
N. / 

and ' .... " . . . . . .  . " .=  

N. = ILq~ll, v i = [ zj, ~i {index set of all dying at the i'th 
{ I p. death time} 

. . • . . , I • ~.. 

~- " The rough average given above then yields the 'log likelihood' 
L . .  

~"" :"" ~ - f u n c t i o n  : -. - 
- . . . -  . . , .  

-. " ,b(g) = ~. (v. - m. log ~ exp(z.l~)) + constant -:(-o) 

" " " 2ox defined U(8) = VL(B) and I(8) = V2L(8), and 

" " : 0 argued ~hat I(;) can be used to estimate the variance of.the - -".....~ . 

" MLE B directly,~ :-:As a test of. the global null hypothesis 

.... - -~ .: HO: 8 = 0, Cox sugge.:ted.., the asymptotically X 2,:p., s~atistic: . . . . . .  

-. . _ • . 
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u(O)T(I(O))-~U(0). (10) 
. . . . -  . - . 

In the  s imp le  two sample  c a s e  ~ h i ~ r e d u c e s  t o  the  ( a s y m p t o t i c a l ~ } ~ )  

standard nbr;nalstatistic; U(0)/I(]~-6~ Cox ifldi:c~ed the .... 

equivalenceof (I0) with (6) in the two (or.multi-) sample case. 

" Oakes (1972) suggested a reasonable approach tc the-estimatipn 

of the failuil,e cdf, F(t). He considered ~0(t) to be constant 

between failu~'es, which leads to the MLE at the i'th failure 

(~eslow, 1972, 197~, 1975): i 
• exp(z~;)  

• l o g ( 1  - r ( t i ) ) ' =  "k~:l= m k / ~ [ ~ k  

The Cox model was a p p l i e d  t o  r e m i s s i o n  t i m e s  f o r  l eukemia  

patients, and an alternative likelihood ~atio test fo~ significance 

was used: :. 

2~L(; ) . -  L(0)) ~ X ~ for  B e ~P (Ii) 
P 

Cox also addresses the problem-.of accelePa~ed life test~n~ in,;": 

the light of his conditional model. 

The discussion following Cox(1972) contains:"many intePesting 

rema?ks. ~albfleisch and Prentice point out, distu~hingly, .thai 

the "conditional likelihood" p~oposed by Cox is no~ a conditional 

likelihood at all, which places in doubt the asymptotic MLE 

pPoperties claimed above. HoweveP several followup papePs have 

shed mole light on this situation. Kalbfleisch and Prentice (!975) 

~how t~t, for censomed but untied data with ~ime-constant eovari- 

ares, the class of models (7) i$, invarient unde~ the g~oup of 

diffe~entiable monotone increasing transformations on [he time 

scale. This enables the derivation of (8) as a marginal likelihoei. 

Fer ccnsoPed tied data and fixed covaviates, the. authors derive a 

marginal likelihood diffePent from tha~ inCox (~972)~ They point 

.OUP that, for substantial grouping•, the regression paPametePs in 

the logistic model of Cox m~y be considerably different f~m those 

in (8). simulation results are DPese~@.d ~sDppoPtir~ lhi9 confes- 

s.ion and showing the .improved-performance of the marginal likeli- _ .... 

hood estimate.. The authors note~.hat the group in~ariance properz:." 

[s lost when Zime dependent covaPiat~s are allowed, and thus the 

. , . ~ .  
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,>::, . . . . . . . . . . . . . . . .  '! , '  : :  " " " ;  • " : 7 '  .(:•"!: " :!i" 
-- - . - - .  i i k e l i h o o d  a r g h ~ e n t s  - . . . . . .  

_: B~eslow ('i972) in the discussion following Cok."s paper, 

" : .i " &=sumes a constant hazard' b'etween observed failures, and assumes 

. , i - -  7. C e n s o r i n g ' o c d u r s . a t  t h e  s t a r t  o f  e a c h i n t e r v a l .  J o i n t  m a x i m i z a t i o n  

. . . o f  8 .  • - a r i d .  ~ 0 ( t )  l e a d  t o  P e t o ' s  a p p r o x i m a t i o n  a n d  O f i k e s '  e s t i m a ' l e ,  . .. . 

: -"•  . : . ~ - - - - . . . : ' : 2 " -  : •  ' : : r e s p e c t i v e l y ,  p r o v i d i n g  f u r t h e r  j u s t ,  i f i c a t i o n  f o r ~ h e  Use .  o ~  ( S }  

" and (9). Breslow (1974) applies this model..to leukemia data and 
b . 

" , " compares the covariate estimates ( 3 )  with ,mOde I~ and, (4). A clear' 

"" :.;" ".:c ::descripti0n of:the relationship of these models arid furti~er appli- 

- . . . . . . .  ' c a t i o n s  a r e  p b e d e n t e d  i n  a l a t e r  p a p e r  ( B r e s l o ~ i ,  i 9 7 5 ) .  
: : ' "  5- . . . , 

:- • . .. " . ,. : :.-. Cox (1975} generalized the ideas o} conditional and marginal 

:':f: " ..... likelihood 7andl,argued-that,_ under mild,asstumptions, the usual 

.:<, . . . .  --, asymptotic properties hold fop "partial likeiihoods".- He showed ~:.,-, 

" i, ~\ ; .... " : '....'.... .. .:thatbUt nOt(8)~"ties .":is"a partial, likelihb0d, allowing time.: dependent.• . . covariates. " '" i] 

..... :"~ "" " Y~albfleisch (1974) examines the efficiency of 'the COX estimate _ 

" : : .:.:.?.:of, S relative to the usual MLE based on tO(t) = A, the exponential .=, i" . { 

- m o d e l .  W i t h  u n c e n s o r e d d a t a ,  t h e  C o x  p r o c e d u r e  i s  f o u n d  a s y m p t o t i c a l l y  

. . . .  :fully efficient a t  8 = . 0 .  This generalizes, known r e s u l t s  for the ! 

Specialcases of the exponential scores of Savage (1956) and Cox i, 
i 

-- (1964),,~.and the relative e±ficiency of .75 for twin studies (Hoil 
. . . .  -L-, - - 

: .... and .Prentice 1974). Kalbfleisch shows an efficiency (12elative tc 

" " the exponential model) of .94 at n" = 20 deaths. Efficiency at 

' '  " " " : ~ ~ ( '  i s  a p p r o x i m a t e d  a . t  g r e a t e r  t h a n  . 7 5  o v e r  a r e a s o n a b J i ~ : " ~ e  

- Of ~ values. Kalbfleisch and Mclntosh (1977) examine corresponding 

" 7:"i~~ ::':.=;.. . . . . .  . ,..ef~icie~cies,.~;:t k-l)_. . . . .  in a two /sample Weibull shape shift proble m (~0(t). = I 

. . . . ' , . - . 

... . .  ... . _Efron {1975), states, that under reasonable assumptions about.,: , 

... the "average hazard rate" and with no ":ies, the Cox esti~,aie ~ ~. 

-,. " . .is asymptotically fully efficient, compared with a ;* ba.sed on 
o • , • . . 

. .  : . . . .  . "7 . ,  . ~ : . ~ I 1  l i k e l i h o o d  f u n c t i o n .  -. . . . . .  

- , J °  

' " ' : : ~ " "  " ' " ' - . 7  " - . . > . . .  " , : .  , ~ o . ' . j ' / ' :  f . ' 7  .. - " < , = : : C , : . . < ; ~ . C  ~_ 

. . . . .  " ~  . . -  

" " ' " "  " - i . : / , ' -  ' -  ' :  : - - '  : " • " ' " " " " " " . . - .  " 

. ' - % ~ , , .  " ~  : '  • ' : -  ~ " ~ L .  - " -  " - : ' e  " ' . - ' : - . : ' . C ; . .  " ~ :  , , L ~ - : ' . :  ' -; ' . . . - . : .  '.~ "; : , '  . • " . ' 2 .  " ~' ': . "  " . . " . "  . : : :  ! : . '  ' C ~ '  . . ,  ' ; . ' :  ° . .  . ' . ' .  ' , , . • . . -  • " . : " t  " .  " : :  " * " "  : • . 
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. .--.--"-i.:. .." : " : :. . :.i". :;" ;.i., .i a~,~"Cox ~a~ ':~ i. ~; ;.-' ": 
;;..}~;;,7~(; " , " " 'There hive ~ b:een' many ~ applida£1ons Of .~:he Mantei 

-.-.. • . to ~he analysis .of ~ mediCal', followup data.. 'Anai~ie-of heart . . .. . .: 

• " transplant data pPov.ides an iD÷eresting example of i covariate. ". 

• '~; (~roup membership) that/changes over.-time -- see Turnbull, B~own _ 

"' and Hu(197:W); Mante!"and Bygf(197749'- Crowiey(1974b) demonstrates 

- ~ the asymptotic normality of the i~esulting • statistic (i0). More " ~- i@ 

: recently, Crowley and Hu(ig77) have . p e r f ° r m e d  a more extensive . . . . ,  i~,~.. 

; analysis of heart transplant da~;a including prognostic.. .facT°rs as ..., 

. . ,  " additional covariates. Cangir et al. (1975) ind Gehan and Smith _I 

" ""  (1976) apply Cox's.model in a for.ward stepwise manner to determine. ,~ 

t,.i.....: " ' -  " p-ognostic,~ factors in leukemia. Taro~ (i975) Drovides tests far :~ 

;: :trends (and departures from trends);in hazard .functions... 

" : "-- - 4. RELATED MODELS . . . . .  - ' "  -~ 

" " " " • " ~ Thompson(1977.) and HoifoPd(197 7) c6nsider: life ..tabie.~:~.~.,.<~i~!.ji:__..applica- ~! 

"/':'" tions of the proportional hazard~ r.~del. Both mode].s allow covar~ 

-'; .i ''/~i~';L'q:~i/~ lares to change with time. ~ 

.... Thompson assumes the.following form for the grouped data .; 

.... 5azard (cf. (7)) for the .... jl.th individual in the interval (ti,ri+l): 

Ni-Ni+ 1 # 
- ~. exp(z.8) . . . . . . . .  L , - ' i ~ "  . - : : T '  ~ 

--..,~ . N i +  1 • 3 .. " . . . .  

yielding the log likelihood (c.f. (9 ) ) : L -~ . ' i ; ~ / .  ": '!~ 

.~ . .. }. L = [ i v . 8  + m .  l o g  A .  - [ l o g ( 1  + A i e x p ( z j S ) ]  ( 1 2 . )  

-;~ " : "  - .~ .  Here we are using the notation of Section 3 . .  - " ~  

."'~-i. .... . : Thompson considers Zhe loglikelihood matio test described ~i!~ 

above~(ll). He also shows that as the grouping becomes fine, (].2) ;.Z~ 

• " goes to (8) when there are no ~ies, and tO (9) when There are 

/ ' :  i , t i e s ' .  i~ 

• : Holford uses (7) as ~he covariate r~lation, but assumes the . ........ :"-~.~ _ . ~ 
,- . ,. . ! " ~ 
" " exact .time Of failure is known for the individual that fails in an 

1- inter~val -. However,. this assumption maybe unreasonablewhen de~].- ""~:"' :~~ 

" ~ ing with grouped data. Holford acknowledg es~his and proposes .;~ 
. . . .  -~ 

.. . . . - . ,~ . ~;~ 
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I!,•< z •  , •  • •i 

, :•::....:... . . ..- . . . . . .  . . "  e L q L ' i m a t e ~  f ~ / ~ . . [ l i e  e ~ c h  t i m e .  ' b f  f a i l u r e  i f ' .  ..... o n l y ~ . t h e . ; :  i n t - ~ r v a l  i"g kno~cn~ . - "  " " 

• " " I f  t h e  ( p o s s i b l y  i n t e r v a l  d e p e n d e n t )  a d } d s t m e n t  r u l e  i s  t h e  . s a h ] e  ..-: 

- " Over all persons, then the Hoifof~d l[keilhsod is pPopo6tional to 

( 9 ) .  " : " ' - . : 

G 

Thus we find that-al.l three of. the above models should yield 

- . results that a/-e the same or similar to those yielded.by (9). 

• --- - in a recent paper, Miller (1976) extends the techhiques-of 
• ~ :o : •:_ • . . . . .  ~ 

standard least squares, to the case of Censored data .through the 

.~. use of the Kaplan-Meier estimate of .a.distribution ftunction. 

'~ "' < ':: ' " .... : "'~fortunateiy--u~, there are some ccxmDutational uxr~±x~x~=:==~'cu"~:e - with this 

" - a p p r o a c h .  .•_- N. . . . . . .  i:! 

. . . . . . .  " "  re.~sa TO . . . .  " , - - 5 ,  0 P I C S  . - . . . . . . .  -~ - " 

-~ ! - : . .  _ - ' " .  . . -  . : .... We n o w  e x a m i n e - s o m e  t o p i c s •  r e l e v a n t  t o  a l l  o f .  t h e .  . m o d e l s  " " - " '" i 

• :.:. d i s c u s s e d  a b o v e ,  c o x  a n ~  S n e 1 1 ( 1 9 6 8 ) d i s c u s s  a g e n e r a l i z e d  :: y 

" residual ccncept that could be -,seful in examining goodneas of - ~ -  

: " " fit; Peduzz~ etal. (1976) examine'model fit using this techniaue.. '~ 

- The question of sample size delermination has not been thoroughly i! 

.... addressed, although some work byi'Nelson (with coauthors) has been .~ 

mentioned in Section 2. Missing covariate values can be handled 

:i p e l ~ D ~ p s  b y  r e g r e s s i o n  t e c h n i q u e s  ( R u b i n ,  1 9 7 6 ) .  .~ 

S e v e r a l  a p p r o a c h e s  h a v e  b e e n  s u g g e s t e d  f o r  s e l e c t i n g  a p D r o -  ~i 

" . . p~i~ate covariates for inclusion in a ~>del. Gehan and Smith 

:. " (11976) use a forward stepwise p~ocedu~e, choosing the entering 

: ~ variable based on the largest increase in. the likelihood. Green -• " 

•--.: : bex~ e t  al. (197~) use a "pseudo log likelihood" backward regres- 

Sio~ procedure, fo~ a mc<lel of the fo',~a: 
+ 

'~ " "  ~/~""~:::,.i i-: ~ i ~ ~ : ~ i s  ~ ;~" ~ ] z i ] '  " " .... " ":< ~:~"< 

, / .  : . . t h e  : a u t h 0 r s  : l i m i n a t e  t h e  c o * a r i a t 4  c c ~ - n - e s p o n d i h g ' t o  8 k y f e l d i n g  t h e  . 

. . . . .  " " " L ' x k " L (  ~ ' t  ; ,  , " " . . . . . .  a %  ,: : :" : "  -- - i a r g e s t  .ratio w b e r e  " , '~ '-.~-:"- " 

.... . , .  : ....:.. : ~  . - Byor a n d  C o r l e ( l g 7 g )  d i s t r e s s  ( h ' ~ * ~ g i ~ a l .  . . - . b g c k w a ' r d .  ~ . e l i m i n a t i o n . :  . 

" ~ . . -  ~ . r u l e "  f o p  max i !n .um l i k e l i h o o d  r e g n r e s s i o n ,  a n ~  s u g g e s t  t h e  :..._ . . 
/ • t "  

! . " ~ . :  . . . . . .  . ' , - - . .  . " ) '  _ • : • • . <  .- , : ; - % : ~ - . , ' : . - - y . : . ,  , . , ' : ~ '~ .  f - . -  " . .  . - " '  . ~  . " - .  , " ~ ~ , . . : '  , , • ~ , ~ .  - . ~ . " . ~ - " ; -  ~: . i , ~ : / • ! • ~  • , ' - .  ~ ' ~ < . . i  : "  2 [  ~ - , ' - . : ~ : • ~ :  . '._ - ' - ~ •  ' ~ - . - \ ~ . " . : . ' - - , / -  

" ~ - " " . g "  ' .  - " . . . .  ~ < . ~ ; :  ' • " ~ - - ' ' : "  " - ' 9  . . . . .  . " .  ~ ,~£-- ,~:•~- ._,  a ~  , .~. ~; " ~ ; . : j . ;  , @  ~ : , . . {  . ; q . l  . ~ . . -  . •- ." ' ." t : L ' I  - ~ ' " "  . ~  . 2 '  i •.2 . ,~ '  ,.. ,' - / : : . , -  , , ; ?  :. . . . . .  : .  , " ,  ' t , t  ~, : , , ,  
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• .. , , 

F 

- .° 

Computationally simpler rule of choosing k 

Unfortunately t~is rule cannot guarantee that the selected 

variable will reduce the likelihood least. Here we propose. ,~ an 

alternate rule that is exact in the case of a quadratic likelihood 

function: choose k tO ma×imize 

_i_ T 
2 gk (]k)i-lgk 

where gk is the gradient of the Overall likelihood, excluding 

the kth coordinate• and I. is He';sian of the overall likelihood, 
. K 

excluding the kth row and column In the quadratic case, this 

yields the maximum likelihood for each submodel. We apply this 

method in the ne~t section. 

Finally• the interpretation of the results of. covariance - 

analysis of censored survival data must be considered. Har tl~ ........ 

and Sielken(i9?7) and Hoel et al. (].975) examine the problems in 

extrapolating results from animal'dose-~esponse experiments 

to low dose carcinogenic effects in man. Byar and Corle(197~) 

describe how to detect treatment-patient t~pe-interactions based 

on regressions results. 

6. APPLICATION TO RECIDIVISM DATA 

The sample consisted of 37 and 71 maximum security offenders 

paroled from the Cheshire and Somers corc-ectional, institutions 

respectively, between November 1974 and-M~ch 1975. Cheshire is 

primarily for youthful offenders, but the age ranges of the two 

insti~:utions overlap. Followup data were collected monthly 

until January •31, 1976 (Christie, et al. 1976). The dependent 

variable-measured was time from release until first arrest. Of 

the 37 Cheshire parolees, 15 (~1%) were-rearTested, while 23 of 

71 (32%) Somers parolees were rearrested. We strongly emphas~.ze 

that the data came fmom a nonrandomized observational study, a-.~. 

that care should be taken in assessing Significance levels- 

(P-values) of the statistical tests that follcw; see McKinlay 

(1975) for a further discussion of this p~blem. 
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' - ' ~ -  . : ~ : /  ~ . ' : , " " • - " ,  " "" " • - " , .  ~ ' 1 2  " ' " : ~ '  

": ~ The c0variates measured on each offender, w@re: " . 

,.- , . i~-~., z I Institution, a 0- 1 indicator variable~ for the offender~ -~ -~ 

~ institution. (i = Somers). ~ 

~ ~i z 2 - Previous major offense, coded 'i' for burglary and larceny , "" • . .......... -, . '  : .  

° i  '-I' for murder and rape, and '0' for all others. 

z 3 - Age at release.- . . :  - -  - ! 
. ~ : : , : ~  . . . . .  ~ -  

z 4 - Dmug/u'se, a 0 - 1 i.~indicator with 'I' indicating use. • ~. 

• ~ z 5 --Monthly income, a time varying covariate. ,, 

These covariates are among those considered by Glaser (1989) ~}.~i. 

: and others t o  be correlated with recidivism. Summary ~~atistics ~. 

.. for these data are shown in Table i. ,,~ 

i. As a first step, we comp~'~:~t~e'-'~earrest experience of the .~..' 
. }~.' 

~ .two institutions. A two sample test ,can be performed for .: 

~A: 8i = O, i< i.< 5 _aga'~gstl riB: 6 i = O, 2 <__i <_ 5. ! 

Stollfnach and Harris(197q) analyze a similar problem, assuming - - - .  ,~' 

exponential failure times and no covariates. (See also Turnbu!l, , ~ "  

_ 1977 . ) Using thei~ goodness of fit test for-exponentiality, ~_. _ 

the constant hazard rate assumption could not be rejected at any ~. °~ I.. 

r e a s o n a b l e  l e v e l  Of s i g n i f i c a n c e ,  and  so  t h e i r  F t e s t  i s  o f  

interest. The results are presented in Table 2, together with the ii 

Hantel-Haenszel test and the loglikelihood ratio test (see (i0) and I' 

,., (II)).. The tests all demonstrate a i~onsiderable difference betweer, .'i 
i 
' the arrest rates for the"two institutions. The Cox likelihood 

test may exaggerate this difference because the censoring-patterns 

are different for the twogl~oups. The e s t i m a t e  81, in the Cox 

model (see Table 3 Model B) sug~,ests a proportional 'hazard of " • 

~" exp (.533) = 1.88, which compares with 1.68 for the exponential - 

~[ " model (Table 2). : - - ~ -  

• The imPortant .~uesti0n f.s whether t~,is difference ,qan.,be . .-L: ,. /'" 

. ' ; -.=- attributed to the effectiveness of the two institutions. Todo - .._ - 

;~,~: " ; ..",,- this, adjustments should be made Eor non-homogeneity of covariate.~ ,~! 

- between groups. In the analyses that fo21ow, we use Cox's 

~ ; approach, with Peto's (1972b) "rough probability[' to handle lies 

(eou~valently Breslow, 1974). Approximate maximum likelihood 

~ . . . .  - 

: 7 . . ~ _ . . , , .  , : .  • , .  . . . .  - ~  : .-. ;~ . . 

• . ;  ~ ,  : . . . . .  . , .  ~ . : . . . : . ,  " ~ . ~ .  : . . -  , -  - _  

" ' . . "  " " • " ' - "  , " " ' . J  - .  - ' ' c ' ' " ' . . ' "  ' . " " " "  " " f • ' -" " " - A . ' . ,  " . . . .  ,. : . . . . .  . . -  . . . .  L "  ' , ' , - . "  . , . , .  , , , .  • ' :  " ' : - . ,  
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' - L . " i " : " ' " '  ~ . . . .  : .~ ' : :  .... - - . '  . :" ~ o l u t ~ i b n S  a r e  f o u n d  U s i n g  a f u n c t i o n  ~ m a x i m i z a t i o h  r o u t i n e  d u e  t b  ~ : : - . .  

. . . . . .  " . . . .  " r ! e t c l ~ e r  a n d  P o w e l l  ( 1 9 6 3 ) .  . ._ ' " " ,!/' " 
".~.~j. i " ' -  - .  ,~:.~. ..,- 

. . . . . : - . . .  - . .  " " . . ,  . . .. - B e f o p e .  f u r t h e p  a n a l y s e s ,  w e  e x a m i n e  t h e  i n c o m e  c o v a r i a t e .  •.~ .- 

i " .. . ". ':/'!i We cohslder income, as a single explanatory variable and test -'I. : {, " 
: : . , : .  :... : ~:-. . . . .  .,, 

" ' - "  - - , -  ~ : / 8 .  : O ,  1 < i < 5 a g a i n s t  ~ C :  8 .  : 0 , -  i < i <  4 ,  ~ 

'ilj~i~.: " " " obtaining 2(~ C 4~ A) = 11,31 for a X2 P-value of < 005. !, 

: ' - :  . . . . . .  : . . . .  " -  Thi"s:.high significance is not subpri~ing, since nearly half the . . . . . . .  

~ i , ~ " ' arr-ests re~hlted in reincarceration and Consequent loss of .!,. ":i::" 

• : ,  - •  . ; :  . .~ -" / , .  i n c o m e .  •. A s  a c r u d e  c o m p e n s a t i o n ,  w e  c o n s i d e i ' e d . l a g g i n g  t h e  i n -  ~ , . .  ~ .  
. ~ . . .  . "~  . . . . .  - . . . . . . . .  ~ ~. . . . . .  - .  _ . ": .  

~c~- .~ " - ",:cbme-.covariate' bY one full month Now the statistic 2(L D = " /" 

, , : :  . , - . c 3 2 % ,  a n d  t h e  . s i g n i f i c a n c e  o f -  t h e  i n c o m e  e f f e c ' t ,  i s  g r e a t l y  r e - ,  - 

. : i : ~ / ~ : ~  .}:-.  , ' . . ' (  ~;,,:" .-%-;:?C:2::.~?. ' . : ' ducgd4  F i b e r  g r o u p i n g  w o u l d  p e r m i t ,  o n e  t o  l a g  b y  o n e  o r  t w o  . w e e k s ,  ~, 

.i.i..!~::~.:':~.-i i . .,:: " : %  : . . . . .  perhaps a more reasonable amount. In the analyses • below, income " " .~ " 

• : ~ , ~ : ' ! ~ - ~ '  L , .  . . . . .  . , .  , -' - ' - . . .  : , . v " " " d " m e "  " " " : : " = ; ' " " : " : : ; ~ : - ' " ' i  . ~  ~ -. ~ . . . .  . ,  ~.. -~ h a s . . - b e e n  r e p l a c e d  b y  l a g g e  l n c o  . " • 

/ : i . j .  -~ I " ' -- " Retumning t o  t h e  question O f  differences between Cheshire 

• '~S ~ " : and ~mersreabrest rates, we test mF: 81 0 against the full 

...... ~ v . . - . . ! .  : - - :  : - m o d e ~  " ' q E '  y i e l d i n g  2 ( L  E -  L F)_ = . 9 ~  w i t h  a -IY- P - v a l u e  o f  ~ 
. - ~ :  

"- - 33. -The regression parameters are given in :Table 3, modeis E ! 

.'_/- .:,~ . .. . and F. Thus,. after adjustment for the four other covariates, the- .~_ 

~:-. ; .~;~.-:.:~ . . . .  . .difference. . between institutions is now far from significant.... ..:~ . . ~ . . o  

. - . ~ " .  . . . .  i . .  I n d ! e e d ,  a g e  a l o n e  c a n  e x p l a i  n m o s t  o f  t h e  d i f f e r e n c e .  T e s t . ~ n g  :~':~i" 

" : '~ " : : : : 8 4 : 8 5 0 ;~- " " "i . . i " - " " ~°I: 8i: 82 84 ~5". 0 against flJ: -~2 : , We : '" 

!71~. / . i : . ; i i  " ----~... h a v e  .2 (L j .  . - L I )  : 1 . 7 6  w i t h  a P - v a l u e  o f  . 1 9 ;  a n  a p p r o p r i a t e .  ~ i~ 

: "i :.---5~. :': transfo~mati6n of the age eovariate could reduce the significance 'i! .,,F" , " . : 

~iii!ii!iiil)':iii )iiii'ii"~i :- " " ".." "~till.~ further... .... Testing the overall significanc e ?A f mA: 8i= O" . ~'_.I 

. ; y i e l d s  ( T a b l e  3 )  2 ( ~ -  L ) : 6 . 0 2  f o r  ~ .S ::~ 'i: i ; . .- " ";" i .  l < .  £ <.s agai, st- % .  . • 
-~:;~.:~.~:/~;,.~ ' . :  . ' . . . . .  " ' : "  • : . .  X k ~  . P - v a l u e . ,  - .  o f  . : 3 2 , " a n d : s 6 : ~ . t h e  j o i n t  e f f e c t  o f  t h e  c o v a r i a t e s  d c ~ s  _ .!,~ 

. . . . .  ~ .. ~ '  . :  . " . . " "  ,,j :~: . - .  n o t  a P P e a r  s { g n i f i e a n t .  -. ::~ 

:"':":. - .":': "A bacl~qard elimination stepwise z,e~ession p~ocedure was ~. 

. ./ . "' - . ' '-.- . ".. - carried out on the data, yielding successively models F throu~I_ 
' , ~  - . , .  ~ . , / - ~ . . .  : . , ' ~  . ' .  : . , . . . - . .  - . _ . . . ~ ~]  ~ ,; 

~:"~. . ; .  - : " - .  " . .  " I , '  . - u s z n g  t h e  m e t h o d  w e  . d e s c ~ x b e d  i n  S e c t f o n . - 5 .  T h e  f ~ - ¢ e  v a ~ z a b l e s  . -. ~. ' 

: ,~~ ., . .  : . i  " : : ' v i . , " " "  .a~: e e l i m ~ n a t e d . i i n  t h e  • o r d e r :  . i n s t i t u t i o n , . g f f e n s e ,  d r u g  u s e ,  . - , - f - - o  ' , .  - i i  " i ~: 

- ~  ~ " " " .  ' " ;  • . . . . . . . .  ~ • - . ' " ' ' " • " • ; - " - ~ l  

' .V.,. . :". • . . .  : : . -  : • - -' -, . " d ~ f r e r e n t  c h o i c e s  f o r  t h e  f i r s t  t w o  ~ - c d e l s ,  s u g g e s t i n g - d r u g  u s e  . ' . :.: 

~..'~{:,i:. ~ ::. - ; .  : / : : . : : . .  ~.. : J .  ::.-- .:-~ 7-- ':, : . . : "  ~ . . " . .  . .  " " , . .  " -. :.: . .  - " : . .  ! .~.;i.~:~ ~. ;~i ' : .": .~ .~, . - :  : . . .  ' . ~ .  " . . . . .  ; ',. i ; "  
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~'" •'~ -~ ,-~s t h e '  f h - s {  e x i t i n g ,  v a r i a b l e .  A l t h o u g h  no  s t e p  i~xl!ib...it s a , . -  ' I i :  

• higher level of significance than agealone, th# ba~kwards-~rgc --~ [i| 

i. dure is still of some value as a rough ranking of the ~mportance . 

.... % of factors assumed to affect recidivism. We also see, tl,x'ough 

'~ this procedure, that the regression coefficients are reasonably 

stable as one moves to reduced models. : 
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7. SUMHARY .... 

The i n t e n t  o f  t he  above a n a ) v s i s  Was t o  i l l u s t r a t e  the  po ten - -  

tial application of-recent techniques for censored life data to 

recidivism data and to observational studies in general. A more 

thorough anilysis With a larger sample size could include consid- 

eration of nonlinear effects, either in a direct manner or by 

appropriate stratification of the independen~ variables (age, 

~income). Other covariates, Such as age a[ first arrest, number~:~/{~ 

of previous convictions, and type of prison industry tmaining, 

should be considered. No attempt is m~de to extrapolate behavior 

beyond the 15 month foll0w~p period. This short period is roughly 

half the mean life (under an exponential assumption) so we have 

little information on the right tail of the distribution. As 

further nonparametric studies of recidivism data are performed, 

one may be able to choose an appropriate parametric model to in- 

crease the small sample power of testing procedures. Rec0rding 

of failures by day, or at least by week, would ~educe the proble~ 

of ties, and increase the usefulness of time dependent covariates. 

The modification (g) of Cox's model was used above because 

it was simple, and because several other recent models yield 

Similar likelihoods. Given the severe grouping of our sample, 

Thompson's approach (12) might be an appropriate aiterpative. 

Ii I 
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I 

D r u g  U s e  . 4 6  0 , 1  " " :  I 0,i I 

Monthly $261 - $0-$800 ": $130 I $0-$600 
Income . . . . . . .  • 

*On!y one individual -- next oldest Wa$:-2B. r 

. .  / i ~ ~ 

- L .  . , 

. . . . . . . . . . . .  , ,  . • . j 

.: ~ ". . "~ . . . . .  : . ~ 





"~:-;":::...i ....... 

- ? , ' : . "  . :  , . , . -  

5 ; .  : . !  . :  . . . .  . " i :  • 

? j ,  ',~ 

- . . : .  

( 

I 
f 

! 

[ 

! .  

- ~ " " ' ~  " i 

i .  

. 1 

. ~  t i l-. -:..~ • 

. . , " . , . !  

J ~ . .  

. . -  , . 

• . .  . . 

) 

. . . .  | 

i 

• l 

v 

. - .  -- : . 
I 

t : ,  - "- . " . " . . : -  

, i.: :.,:._i:/~., ..i.i <._.;:; : ...... ,.'.,-., ....:.,. _: i.,:. ,i i:::.::..: i, .-.- 
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Tes~ 
Stat{stiC 

Null 
Distribution 

Observed 
Value 

P-Value 

Tw~ ~.=ml,L,' Te~t " f o r  bi- l l l  i i renh-e .Retw,:en I ns t_ i~b ' : i ons  
With  No A d j u s t m e n t s - f 0 r 0 t h e ~  covaria~es " 

Stollmack- Mantel- :- iLog !~kelihood 
Harris* Haenszei ~ ratio " " 

I 2(L~- L~). 
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F~,6,30 

1 . 6 8  

.05  

•Assumes constan~ hazard. 
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2 . 0 4  ' 
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T A B L E 3  

Coefficients (with s t a a d a " . z ~ d  Errors) 

fo~ the Regression Models 

Models .Log- 
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.... .. 

~i. 
:j 

Likelihood 
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-183.27 

-zV9.5s 
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-182.19 _ 

-182.66 
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Coefficient Estimates (B) 

Institution Offense Age 

Drug 
Use .Income " 

. 6 3 3  " 

( . - 3 1 5 )  .... 
-.0027 
( . 0 0 0 9 4 )  

. ~ . 3 8 0 : ' :  ~ .  

( . 3 8 8 )  : 

. 2 9 8  

.. ( . 3 0 7 )  
.3~q 

( . 3 0 3 )  
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- . 0 1 0 9 : - ~ 1 5 6  ' ~  

( .G ISO)  ( . 3 1 9 )  
- - . o ! g 3  - . 1 8 ~  " 
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- : (I 
Lagged 
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- .C0050. :~. 
(.~ 0007~4 ) 
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. ( . 00072 )  ~-: 
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